Philosophy 109, Modern Logic, Queens College
Russell Marcus, Instructor

email: philosophy @thatmarcusfamily.org
website: thatmarcusfamily.org/philosophy
Office phone: (718) 997-5287

Indirect Truth Tables for Invalidity and Inconsistency, §86.5

I. Limitations of Truth Tables.

Theoretically, we can use the truth table method for any argument, to determine its validity.

But the method becomes unwieldy as the number of variables in an argument grows.

With merely 5 variables, for example, the truth table would be 32 lines. The truth table for an argument which contained
10 propositional variables would require 1024 lines.

Fortunately, there’s a shortcut method.

To show that an argument is valid, you have to show that every row of the truth table doesn’t have true premises and a
false conclusion.

How many rows do we need to show that an argument isinvalid?

Only one! - the counter-example

Il. The Indirect Method.

To determine whether an argument is valid or invalid, construct a counter-example:
1. Assign values to make the conclusion false

2. Try to make all premises True

3. If 1 and 2 are possible, then the argument isinvalid.

Specify the counter-example

4. 1f 1 and 2 areimpossible, then the argument is valid.

If there is a counterexample, this method will be able to find it.

Note: Steps 1 and 2 can be done in any order!
Consider the argument:

1.G=H

226 [/-~H

First, write it out, as you would a normal truth table for an argument:

G|=|H]|/|G|N/]|]~]|H

er to

make the conclusion false:

Next, assign the value ‘true’ to H, in ord

G|=|H{|/|G|/I|~]|H

B BE

Now, assign avalue to G which makes the premises true:
o|-ln|ilo|n|-|n
T|T|T T.‘F T

The argument isinvalid when G istrue and H is true.
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Consider:
1.C> (D> E)
2.D>(E>F) /C>(D>F)

The only way to make the conclusion false isto assign true to C and to D, and falseto F

/
Carry these values over to the premises:
Cl>|DOD|>|BE|/|D|>]|(E|]>]|PF

T T .IT F

In order to make the first premise true, E must also be true:

C|>|(MD]|=>|E)|!/]|D > |(E|=>|FH |/ |]C|>|(DJ|>1F

TTTTT.IT T F.ITFTFF

But now the second premise is made false.

If we tried to make the second premise true, by making E false, the first premise would come out false.
There was no other way to make the conclusion false, so there is no counter-example.

This argument is thus valid.

C =) (D] > E) D =) (E| o F)

cl-|o]|>1|pP

I
.ITFTFF
I

In some arguments, there is more than one way to make a conclusion false, or to make premisestrue.

Y ou may have to try more than one.

Once you arrive at a counter-example, you may stop.

Some arguments have multiple counter-examples, but you only need one to demonstrate the invalidity of an argument.

Consider:

LI>K

2.K>J /-3

Note that there are three ways to make the conclusion false.

[ > | K [/ K| > J | ] : J

T|F|F
F|1F | T
F|F|F

We'll try them in order.
Note that on the first assignment, there isno way to assign a truth value to K which makes the premises true.

NI RN ODEE

T > |

? T|F|F
|| Fle T
-

We'll haveto move on to the second option.

K |/




i _HEE

Here, we can assign either value to K, and still have a counter-example.
Thisargument isinvalid when | isfase, Jistrue, and K iseither true or false.

Consider a tougher one:
1.To(UVX)
2.U>(YV 2
3.ZoA

4. ~(AVY) /~T

Start with the conclusion, making T true in order to make ‘' ~T' false, carrying that assignment into the first premise

T > | (U V | X) |/ | U > | (Y V| 2)

T

-

z s |al/r|l~|lalv i iy|n]|-
F

From the first premise, we notice that ‘U vV X’ must be true, but there are three ways to assign values to make it so.
Similarly, there are multiples ways to assign values for the second and third premises.
But in the fourth premise, there is only one possible assignment:

Tlolw]|Vv Ix|l/ilul=sleo|lVviililz|=>alir]~|alvIivy]|n]|-
T T|F|F|F F

Carrying these assignments over:

T|>|w]| Vv m|/|u S ey |V 2)h|z 5 A|/|~ (A | v Y)L/|~

: _EE 5 Bonn E

Now, we know, by inspecting the third premise, that Z must also be false.

T > | (U V | X) |/ | U > | (Y V| 2)

/ /
T Im F I”F F|F IIT F|lF|F
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Carrying this assignment over, we noticethat ‘'Y V Z' has be

T > | (U V | X) |/ | U > | (Y V| 2)

Carrying the value of U to the first premise:

T|l>|lw]|vVv I ix|/rlu]|l>|o]|V |2 z | > | A

/
T F Im FlT|F|F|F F|lF|F Il'r F|lF|F

We now are constrained to make X true, in order to make the first premise true.

0.
/ / 11
T Im FlT|F|F|F I”Fr F|F II T|F|F|F II F
11
11

Tlo|lw ]|V I|IX)l/|lu]|l>]| ]|V |2 zZ | > | A ~ AV Y)

/ /
T|T|F|T|T Im F|T|F|F|F Im F|F|F II T|F|F|F F

The counterexample is constructed. The argument is shown invalid when: T and X aretrue; and U, Y, Z, and A are all
false.
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I11. Exercises A. Determine whether each of the following argumentsis valid. If invalid, specify a counter-example.

1)

1.(F-G)=H

2. ~H /-G
2)

1.P>Q

2.Q-P /P=Q

3)



1.~-(P-Q
2.(-P-~Q) > (R-9S)

3.SoR /R

4)

1.A> (B> G)

2.D>(E>F)

3.B>(D-E)

4.BVF IA=G

IV. Using Indirect Truth Tables to determine whether a set of propositions is consistent.

Two or more propositions are consistent if there is at least one line of the truth table in which they are all true.

That is, if we can find an assignment of truth values to component propositions which makes all the main connectives of
the propositions in a set true, then we have shown them consistent.

This assignment will be called a consistent valuation.

In no consistent valuation is possible, then the set is inconsistent.

To determine whether a set of propositions is consistent:

1) Assign values to propositional variables to make each statement true
2) If thisis possible, then the set is consistent.

Provide a consistent valuation.

3) If it's not possible, then the set is inconsistent.

Consider the following set of propositions:
(A-B)oF

B> (DV ~E)

F>(EV ~D)

A-E

To determine if they are consistent, line them up, just as we line up the arguments.
The only difference is that a set of sentences has no conclusion.

(A : B) ) F|/|B o D |V ~

We only use single slashes between the propositions.
e /|

Let’s start with the last proposition, since thereis only one way to makeit true:

Al - |IB|>|Fl/|lB|l=>|O|V|~|B|l/I|F|>]|E|lV]|~|DI]|/I]|A

Carry those values through the rest of the set, and evaluate the negation of ‘E’ in the second proposition:

Al - |IB|>|Fl/lB|l>|O|V|~|B]|/I|E]|>|E|V]|~]|D|/I]|A]":
T FlT T T|T

There are no other obvious, forced moves.

The antecedent in the first proposition may be either true or false, depending on the value assigned to ‘B’.

The consequent in the second proposition may be either true or false, depending on the value assigned to ‘D’.

The consequent in the third proposition, and thus the whole third proposition, will be true, but that doesn’t determine the
values of either ‘F or ‘D’:

-

Al - |Ie|>|Fl/lB|l=>|lO|V|~|B|/I|F|>|E|V]|~]|DI|/]Aa]-:
T F T T | T |7 T|T

We must arbitrarily choose a next place to work. I'll chooseto start with ‘B’. We may assign either aT or an F.
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We'll try the first line, first.
Assigning T to ‘B’ forces us, in the first proposition to assign T to ‘F'.

Al - || =>|Fl/r|B|l>|oO|lVv]|~|B|/I|F|>|E|lV]|~]|D]|/I]|A

T T T T T T F T T T T T T T
T F .I F F T .‘ T T T .I T T
Then, in the second proposition, we must assign T to ‘D’:

Al - |B | > F|/|B s | o |V |~ E)|/|F > |E ]|V |~ D)|/|A

T T T T T T T T T F T T T T T F T T T
T F F F T T T T T T

Thisis a consistent valuation, so we need not return to the problem, and try assigning Fto ‘B’.
Thissetisconsistent when all component variables are assigned T.
There are other possible consistent valuations.

Summary:

For arguments: Stop when you’ ve shown the argument invalid by generating a counter-example.
For sets of sentences: Stop when you’ ve gotten a consistent valuation.

Otherwise, work until you’ ve exhausted all possibilities.

V. Exercises B. Determine, for each given set of propositions, whether it is consistent. If itis, provide a consistent
valuation.

1)

Ao B
BoF
FoD
DoE
E-A

2)
A>(B-G)
B> (F>E)
Go(E>~F)
A-F

3)

A=B
(BV~A)oF
(AV-~B)oD
D-oE

~FV ~E

4)
(A-B)oF
(D-F)oE
E-B
A>D



~AV ~B
V1. Solutions.

Answers to Exercises A:

1. Invalid when Fisfalse, Gistrue, H isfalse.

2. valid

3. Invalid when Pistrue, Q isfalse, Risfalse, Sisfalse
4. Invalid. There are quite a few counter-examples:

A|G|B|D|E]|F
T|F|F|T|T|T
T|F|F|T|F|T
T|F|F|F|T|T
T|F|F|F|F|T
FlT | T |T|T|T
FIT|F|T|T|T
FIT|F|T|F|T
FIT|F|F|T|T
FIT|F|F|F|T

Answers to Exercises B:

1. Consistent, when all variables are true or all are false.

2. Inconsistent

3. Inconsistent

4. Consistent. There are at least 8 possible consistent valuations.



